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1. INTRODUCTION 
In recent years, important papers have appeared (see, e.g., 16, 7, 1 1, 15 1) 
concerning the Lorentz operator ideal, in which are studied the relations of 
this ideal with others, its interpolation properties, those properties concerning 
the eigenvalues of its elements, etc. 
In this paper we show, by techniques of interpolation spaces and tensor 
products of bases, a method of construction of basis (Schauder basis) in the 
Lorentz operator ideal S,,,(H, K) (for H and K Hilbert spaces) and we study 
some properties of the basis. Thus, after considering its character of 
bounded, boundedly complete and shrinking, we study when it is Besselian 
or Hilbertian according to the different values of the parameters p and q. 
Particularly we derive for the coefficients of an operator in this basis 
analogous inequalities to the classical ones of Paley about Fourier coef- 
ficients I17 I. Moreover, as happens with them, we characterize using the 
theory of approximation schemes of Pietsch [ 12 1. the subspace S2(H, K): " 
formed by the Hilbert-Schmidt operators whose coefficients in this basis 
belong to a Lorentz space I,,,. Finally, we examine the relations between the 
unconditional and Besselian or Hilbertian properties of a basis in S,,(H. H). 
which allows us to construct conditional bases in this ideal. 
2. DEFINITIONS AND NOTATIONS 
For H and K arbitrary Hilbert spaces over nil (real or complex field). 
L(H,K) jresp. C(H,K)] d enotes the collection of all bounded (resp. 
compact) linear operators from H into K with the strong topology. For every 
operator T E L(H, K) the approximation numbers are defined by a,, + ,(7-) =I 
inf 11 T - SI/, n = 0, 1, 2,..., where the infimum is extended over all operators 
SE L(H. K) for which R(S) < n, with R(S) the range of S 1101. Given 
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0 ( p, q < 00, the Lore& sequence space I,,, is 
sequences (Q for which 
IK”Np,q = sup(C * @) < 03 n 
the space of all bounded 
if q<c0, 
if q=oo, 
where (C) is the monotone non-increasing rearrangement of (<,) [ 11. We 
denote by S,,,(H, K) the Lorentz ideal which is formed by all the operators 
T E L(H, K) having a finite quasi-norm a,,,(T) = ]](an(Z’))]],,, [6, 111. In the 
special case 0 < p = q < co, denoted by (S,, cp), we get the Schatten ideal 
S,W, K). 
For interpolation spaces we follow [ 1, 151: if 0 < 19 < 1, 1 & q < co and 
(A,,, A i) is a compatible couple of Banach spaces, we designate by 
(A,,, A ,)B,q the Banach space consisting of all a E A, + A, such that the 
norm 
ll”lle,s= (Jrn (~-ew,w&d,))q y 
0 
is finite, where K(t, a) is the functional of J. Peetre. 
We follow [ 161 for topological tensor products and [8, 131 for theory of 
bases. 
3. CONSTRUCTION OF BASES IN S,,,(H,K) 
PROPOSITION 3.1. Let H and K be Hilbert spaces with respective bases 
(y,) and (x,), and let (y;) and (x;) be the respective coeflcient functionals. 
Then the system of all products y,! @ xi, arranged into a single sequence (z,,) 
by the numbering 
z,=y;ox1, 
zn = Y/ 0 xj+ 1 for n=j*+i,i=1,2 ,..., j+l, 
= Yi+l Oxj+l-i for n=j*+j+l+i,i=1,2 ,..., j, 
(j = 1, 2,...) 
is a basis in S,,,(H, K) whenevei 1 < p < 00, 1 < q < co or p = q = 1, and 
in C(H, K). 
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Proof. The spaces H and K have the metric approximation property 
whence [ 161 we have the topological isomorphisms (isometries) 
H’ 6,, K = (S,(H, K), a,), H’ $cK = (C(H, K), ua3), 
therefore [ 13 ] the sequence (zJ is basis in S,(H, K) and C(H, K). 
By interpolation [ 111, we have 
(S,W, WY WC K)),,, = S,,,(K 9, 0 < l?= 1 - (l/p) < 1,1 <q < co. 
and since the closure of S,(H, K) in L(H, K) is C(H, K), it follows by [ 11 
that 
(St W, K), CW, Wb,, = &,(K 9, O<S=l-(l/p)< l,l<q<a2. 
being the space S,(H, K) dense in SJH, K), therefore (z,,) is a complete set 
in S,,,(H, K) for 1 < p < co, 1 <q < CO. 
Moreover, since the coefficient functionals (z;) associated to the basis (z,,) 
in C(H, K) are defined by z;(T) = xj(T(Y,)) when z, = Yl @xi lthe same as 
in the space S,(H, K)], we have by interpolation for P, = xi=. , z; 0 zk that 
considering in S,,,(H, K) the norm /I Ils,s of (Banach) space of interpolation 
equivalent to (J~,~. Then (P,) is also equicontinuous in S,,,(H, K) and conse- 
quently [ 13 ] the sequence (z,) is basis in this space. 
In what follows we denote by (z,) the basis so constructed from (x,) and 
(Y,), and by (I;) the coefficient functionals associated to it. 
As in first properties of the basis we have 
PROPOSITION 3.2. If it is considered in S,,,(H, K) the norm of inter- 
polation space, we have: 
(a) If (y,) and (x,) are bounded, then (z”) is a bounded basis in 
S,,,(H, K) whenever 1 < p < CO, 1 < q < CO or p = q = 1, and in C(H, K). 
(b) The basis (z,,) is shrinking and boundedly complete in S,,,(H, K) 
for 1 < p < a3, 1 < q < 00. 
Proof: (a) By [ 131 and by the cross-property of 0, we have 
,< sup Ol(Y:, Ox,) = sup II Yf2 IlXmll < 03 1<n.m l<rr.rn 
and analogously for ucn, whence (z,,) is bounded in S,(H, K) and C(H, K). 
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Moreover, we have, by interpolation [I], 
sup IIZnlle,s ,< M, ’ (sup q,(z,)Y . (sup q,(z,)Y < 05 
ISn 1<n 1<n 
sup I/z;/IS,.,+IK G M, * (sup lIZ~IIs,+IKY 1<n l<tl 
hence 0< inf,<n IIZ”lle,s~ and then (z,) is bounded in S,,,(H, K). 
(b) Since S,,,(H, K) = (SpO(H, K), S,,(H, K)),,, whenever l/p = 
(1 - 19)/p, + B/pi, 1 <p,, <p, < co, 0 < 0 < 1, 1 < q < co, and the spaces 
S,,(H, K) are reflexive [3], it follows [ 15, 1.11.31 that S,,,(H, K) is reflexive 
and then, by the theorem of James [8], we have that the basis is shrinking 
and boundedly complete. 
4. BESSELIAN AND HILBERTIAN PROPERTIES 
If (e,,fn) is the natural basis of the spaces I,,, by methods similar to those 
of Proposition 3.1 it is easily verified that (e,,fn) is basis in the Lorentz 
space Ip,p for 1 < p < co and 1 < q < co. 
PROPOSITION 4.1. Assume that (y,) and (x,) are orthonormal bases of 
H and K, respectively. Then we have in S,,,(H, K): 
(a) The basis (z,,) is Besselian whenever p = q = 1 or 1 < q < p = 2 or 
l<p<2, l<q<co, and it is Hilbertian whenever 2=p<q<co or 
2 < p < co, 1 < q < 00, as well as in C(H, K). Moreover, (z,,) is orthonormal 
in S,(H, K) for the scalar product 
(SIT)= ? (S(y,)IT(y,)). 
n=l 
(b) The basis (z,J is (1p,4, (e,))-Besselian for 2 < p < co, 1 <q < 00, 
as well as (co, {e,})-Besselian in C(H, K) and it is (l,.,, (e,})-Hilbertian 
wheneverl<p<2,l<q<coorp=q=l. 
Proof (a) By [lo] we can consider the scalar product that appears in 
the statement of the proposition and it is clear that (z,,) is an orthonormal 
basis in S,(H, K). Furthermore, since l,,, c 1, under the first three conditions 
on p and q, it follows if T = Czll z;(T) z, E S&H, K) that T E S,(H, K) 
whence (z;(T)) E 1, and then the basis is Besselian. By a similar reasoning 
the Hilbertian character is verified. [In S,(H, K) and C(H, K) the results can 
also be derived of 1411. 
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(b) Let us consider the operator F defined by F(T) = (z;(T)) which is 
linear and continuous from C(H,K) into c0 (therefore into l,X), because (z,) 
is bounded by virtue of Proposition 3.2. This shows that (z,) is (c,,, {e,, I )- 
Besselian in C(H, K). Moreover, since F is linear and continuous from 
S2(H, K) into I,, we have by interpolation [ 11. I] that F is linear and 
continuous from S,.,(H, K) into 1,,Q for 2 < 9 < co. that is to say. (z,,) is 
(ID Q. (e,})-Besselian. 
Let G now be the operator defined by G((<,)) = Ci , r,,:, which is linear 
and continuous from I, into S2(H. K) and from I, into S,(H, K); then it 
follows by interpolation that G is linear and continuous from I,,., into 
S,,,(H. K) whenever 1 < p < 2, 1 < 9 < co or p = 4 = 1, which proves that 
the basis is (I,,,, (e,})-Hilbertian. 
The following weaker result is then derived: 
COROLLARY 4.1. Let (y,,) and (x,) be orthonormal bases in H and K. 
respectively, and let us suppose that 1 < p < 2, 1 < q ( co. 
(a) If’ T = Cz=-, zL(T)z, is in S,,,(H, K), then 
(b) If (r,) is in I,., then there is T in S,,,,(H. K), T= C; r - I ,I d. n - 
such that 
(2) 
ProoJ This follows from Proposition 4.1(a) and the fact that I,,,, is 
continuously embedded in I,, which in its turn is in I,,,,. 
The coefficients in the basis (z”) of every operator T belonging to 
S,,,(H, K) for 1 < p < 2, 1 < q < co is a sequence converging to zero [by 
Proposition 4.1 (a)]. Then taking in Corollary 4.1 (a) q = p and in (b) q = p’ 
we get in S,(H, K) an analogous result to Paley’s theorem for Fourier coef- 
ficients of functions belonging to L, [ 17. Vol. II, p. 123. Theorem 5.101. 
Remark 4.1. In the conditions of paragraph (b) of Proposition 4.1. it 
cannot be derived in general that the basis is Besselian or Hilbertian. Let 
H = II and let (x,) = (y,) = (e,) be the natural basis of lz : 
If q = p > 2. we can choose a positive monotone non-increasing sequence 
,u = Q,) such that p E I, but ,U @ 1, lfor example, (n ‘jr) with 2 < r < p I. Let 
us consider then the diagonal operator D, : 1, + 1, defined by D,((&,)) = 
ol,,t,). we know [lo] that a,(D,) =,u, for n = 1. 2 ,..., whence 
D, E S,(l,, 12). But it is clear that D,(e,) =p,,e, for fz = 1, 2..... and conse- 
409’95 I I6 
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quently the sequence (zA(D,)) satisfies ]j(~@,))]]~ = ]I@,& = co, therefore 
the basis is non-Besselian. 
If q = p < 2, let us take p = (u,) as before being p E 1, but ,U 6 I,, and let 
us consider the sequence (<,) belonging to 1, defined by 
6 =c11, 
<,=dj+’ .,ui for n=j2+i,i= l,..., j+ 1, 
=o for n = j* + j + 1 + i, i = l,..., j, (j = 1, 2 ,... ). 
Then the series C,“=, &,z,, do not converge in S,(1,, I,), because if we 
suppose T= Cn”=, <,, ,, z E S,(l,, Z,) we would have T = D, and therefore 
,u E 1,. So then the basis (z,) is non-Hilbertian. 
Particularly, the inequalities (1) and (2) of Corollary 4.1 are not true in 
general if p > 2. 
Moreover, analogous examples prove that in general the basis of 
S,,,(K K) is not (I,,,, { e,})-Besselian [ resp. (1,,, , (e,})-Hilbertian ] if 
fT,s $ I,,, [resp. I,,, 4 /,,,I for p and q according to Proposition 4.1 (b). 
Remark 4.2. If p < 2, the basis (z,,) of S,,,(H, K) is not in general cl,,,, 
{e,])-Besselian: Let H be infinite dimensional and p = q, if we suppose that 
(z,,) is (I,, {e,})-Besselian then, by Proposition 4.1(b), we would have that I, 
is isomorphic to S,(H, H) which is not true [9]. Analogously, if p > 2 the 
basis (z,) is not in general (I,,,, {e,})-Hilbertian. 
With the aim of characterizing the subspace of the Hilbert-Schmidt 
operators whose coeffkients in the basis belong to a Lorentz space, we 
denote by G, the set of all the expansions Cz=i &,,z,,,, 1, E IK, possessing at 
most n coefficients A,,, # 0. It is evident that (S,(H, K), G,) is an approx- 
imation scheme according to the terminology of Pietsch [ 121. For 
o<p<aI, o<q<cr, let us consider the approximation space 
(S,(H, 9, G,);‘P I h h w ic is denoted concisely by S,(H, K);‘“] consisting of 
all the operators T E S,(H, K) having a finite quasi-norm 
II Tllm, = IIWII,,, where p,, = inf{o,(T- S): SE G,-,}. 
It is proved then, as was done in ] 121 for the case of Fourier coefficients, 
that 
PROPOSITION 4.2. Assume that (y,) and (x,) are orthonormal bases of 
H and K, respectively. If 0 < p < co, 0 ( q < 03 and l/r = l/p + l/2, then 
the assertions T E S,(H, K)iip and (z;(T)) E I,,, are equivalent. 
Proof. By Proposition 4.1(a) the operator F(T)= (z;(T)) is an 
isomorphism from S,(H, K) into I,. Then, the result follows from the 
Transformation Theorem [ 12,3.3] and the Reiteration Theorem [ 12,3.2]. 
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In particular: 
COROLLARY 4.2. Assume that (y,) and (x,) are orthonormal bases of H 
and K, respectively. Then S,(H, K):/’ is precisely the subspace of the 
Hilbert-Schmidt operators formed by those having in the basis (z,) an 
absolutely convergent expansion. 
This result is the analogous one in S,(H, K) to that of SteEkin (see 
15, 121) for the case of absolute convergence of Fourier series in Lz. 
5. NON-HILBERTIAN AND NON-BESSELIAN BASES 
Just like it happens in the space L,(O, 1 ] and 1, [ 13 1, the bounded uncon- 
ditional bases of S,(H, H) satisfy: 
PROPOSITION 5.1. In S,(H, H) we have: 
(a) If 1 < p < 2, every bounded unconditional basic sequence is 
Besselian. 
(b) If 2 < p < 00, every bounded unconditional basis is Hilbertian. 
Proof (a) Let (u,) be a bounded unconditional basic sequence in 
S,(H, H), and let (y,) be an arbitrary sequence of scalar such that 
C,“=, ynu,, converges. Then [ 141 we have C,“, o,(y,u,)’ < co and since 
inf ,Gn a,,(~,) < co we obtain that (yn) E 1, therefore (u,) is Besselian. 
(b) This follows from (a) and the properties of duality of the bases 
and the spaces S,(H, H) (see [ 13,3]). 
The existence of non-Hilbertian bounded bases in L, [ -11, rr] and lz is well 
known ] 13 ]. Thus 
PROPOSITION 5.2. (a) Let (y,) be a bounded basis in H and let (x,) be 
a non-Hilbertian bounded basis in H. Then in S,(H, H) for 2 ,< p < co. the 
basis (2,) is conditional and non-Hilbertian. 
(b) If (y,) also is orthonormal, then (xl @ yi) is conditional and non- 
Besselian in S,(H, H) for 1 < p < 2. 
Proof (a) By Proposition 3.2(a) we have that (z,,) is a bounded basis in 
S,(H, H). But (x,) is non-Hilbertian therefore there exists (y,) E 1, such that 
CF=, ynx,, does not converge in H. Let us consider then the sequence (&I 
belonging to I,, defined by 
r, =Yl, 
6flEsf 'Yj+l for n=j2+i,i= l,..., j+ 1, 
=o for n = j2 + j + 1 + i, i = l,..., j, (j = 1, 2 ,... ). 
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We have that C,“, <,z, does not converge in S,(H, H), because if we 
suppose that it converges, then it would do this in C(H, H), whence 
c,“= 1 r”z,(.YI) = c,” Y , “.Y,, would be converging in H. Thus (z,,) is non- 
Hilbertian and then, by Pro,>osition 5.1(b), the basis (z,,) is conditional. 
(b) This is a consequence of paragraph (a), taking into account the 
duality in S,(H, H) gotten [ 31 from the associated trace to the basis (y,). 
Remark 5.1. An example of conditional basis in S,(H, H) and C(H, H) 
gotten by tensor products is given in [2] (see also [ 131). 
Nofe added in proof: Conditional property of the bases in Proposition 5.2. for p # 2. is 
also a consequence of Y. Gordon and D. R. Lewis, Absolutely summing operators and local 
unconditional structures, Acta Math. 133 (1974), 27-48. 
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